For wave equations with power nonlinearity we investigate the problem of the existence or nonexistence of global solutions of the Cauchy characteristic problem in the light cone of the future.
Statement of the problem
Consider a nonlinear wave equation of the type
where f and F are the given real functions; note that f is a nonlinear and u is an unknown real function, ∆ = n i=1 ∂ 2 /∂x 
Global solvability of the problem
Consider the case for f (u) = −λ|u| p u, where λ = 0 and p > 0 are the given real numbers. In this case (1.1) takes the form
where for convenience we introduce the notation L = . As is known, (2.1) appears in the relativistic quantum mechanics [13, 24, 28, 29] . For the sake of simplicity of our exposition we will assume that the boundary condition (1.2) is homogeneous, that is, [20, pages 66-67] . Thus if p < 2/(n − 1), that is, 2(p + 1) < 2(n + 1)/(n − 1), then there exists the number q such that 1 < 2(p + 1) ≤ q < 2(n + 1)/(n − 1), and hence the operator
is continuous and compact and, more so, from u ∈
. As is mentioned above, here, and in the sequel it will be assumed that p > 0. 
, and F ∈ L 2 (D T ) for any T > 0. It is said that problem (2.1), (2.2) is globally solvable if for any T > 0 this problem has a strong generalized solution in the domain D T from the space
is valid. 
The function u m ∈
• C 2 (D T ,S T ) can be considered as the solution of the following problem: 
and hence
Here we have used the fact that in the space
is equivalent to the norm 
By virtue of (2.5) and (2.8), passing to inequality (2.19) to the limit as m → ∞, we obtain (2.4). Thus the lemma is proved.
Remark 2.5. Before passing to the question on the solvability of the nonlinear problem (2.1), (2.2), we consider this question for a linear case in the form we need, when in (2.1) the parameter λ = 0, that is, for the problem
(2.23)
In this case for F ∈ L 2 (D T ), we analogously introduce the notion of a strong generalized solution u of problem (2.23) for which there exists the sequence of functions
It should be here noted that as we can see from the proof of Lemma 2.4, the a priori estimate (2.4) is likewise valid for the strong generalized solution of problem (2.23).
Since the space 
is likewise fundamental in the complete space 
is the linear continuous operator whose norm, by virtue of (2.4), admits the estimate 
in the space
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3) is, by Remark 2.1, a continuous and compact one. Consequently, by virtue of (2.25) the operator A : 
2) is globally solvable, that is, for any T > 0 this problem has the
strong generalized solution u ∈ • W 1 2 (D T ,S T ) in the domain D T .
Nonexistence of the global solvability
Below we will restrict ourselves to the case when in (2.1) the parameter λ < 0 and the space dimension n = 2. 
and the estimate
with the positive constant c, independent of F, are valid.
Proof. Without restriction of generality, we can assume that the function 
Indeed, let ϕ δ ∈ C([0,+∞)) be the nondecreasing continuous function of one variable such that ϕ δ (τ) = 0 for 0 ≤ τ ≤ 2δ and ϕ δ (τ) = 1 for
and F| ST = 0, we can easily verify that
Now we take advantage of the operation of averaging and let
where 
is valid and the estimate [33, page 215]
holds. By 
holds. Here
Consider now the integral equation 12) with respect to an unknown function v, where
, and the operator in the right-hand side of (3.12) is an integral operator of Volterra type with a weak singularity, (3.12) is uniquely solvable in the space C(D T ). It should be noted that the solution v of (3.12) can be obtained by Picard's method 368 The Cauchy characteristic problem of successive approximations:
Indeed, let
(3.14)
Then, if
then taking into account the equality 
It follows that
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Therefore the series v = lim m→ ∞ v m = v 0 + ∞ m=0 w m converges in the class C(D T ) and its sum is the solution of (3.12). The uniqueness of the solution (3.12) in the space C(D T ) is proved analogously.
As far as λ < 0, we have g 0 = −λ/2π ≥ 0, and by virtue of (3.11), the function F 0 ≥ 0 because F ≥ 0 by the condition. Therefore successive approximations v k from (3.13) are nonnegative, and since lim k→∞ v k − v C(DT ) = 0, the solution v ≥ 0 in the domain D T , too. It now remains only to note that by virtue of (3.10), the function u is the solution of (3.12), and according to the unique solvability of that equation, u = v ≥ 0 in the domain D T . Thus the proof of Lemma 3.3 is complete.
Remark 3.4.
As it can be seen from the proof, Lemma 3.3 is likewise valid if instead of the condition F ≥ 0 we will require the fulfillment of a more weak condition F 0 ≥ 0, where the function F 0 is given by formula (3.11).
the classical solution of problem (2.1)-(2.2). Then if for some point
Proof. Since F| D x 0 ,t 0 = 0, by the representation (3.1) from Lemma 3.2, the solution u of problem (2.1)-(2.2) in the domain D x 0 ,t 0 satisfies the integral equation 20) where g 0 = −λ|u| p . Taking into account the fact that
from (3.20) using the method of mathematical induction, we easily get
where
Therefore, as k → +∞, we have u| D x 0 ,t 0 = 0. Thus Lemma 3.5 is proved completely.
Let c R and ϕ R (x) be, respectively, the first eigenvalue and the eigenfunction of the Dirichlet problem in the circle Ω R :
As is known, c R > 0, and if we change the sign and make the corresponding normalization, we will be able to get [27, page 25]
is fulfilled, then there exists the number
Proof. Assume that problem (2. Therefore continuing the functions F and u by zero outside the domain D T to the strip Λ T : 0 < t < T and retaining the same notation, we find that u ∈ C 2 (D T ) is the classical solution of (2.1) in the strip Λ T , which, by virtue of λ < 0 and (3.27), we can write in the form
Moreover, by (3.26) ,
Below, without restriction of generality we will assume that λ = −1, and hence |λ| = 1, since the case λ < 0, λ = −1 with regard to p > 0 is reduced to the case λ = −1 by introducing a new unknown function v = |λ| 1/p u. The function v will satisfy the equation
According to (3.30) , below, instead of (2.1) we will consider the equation
We take R ≥ T and introduce into the consideration the functions
, and, with regard to (3.27) , the function E ≥ 0. By (3.23), (3.29) , and (3.32), the integration by parts results in 
To investigate problem (3.35), we will use the method of test functions [26, pages 10-12] . To this end, we take T 1 , 0 < T 1 < T and consider the nonnegative test function ψ ∈ C 2 ([0,T]) such that
From (3.35) and (3.36) it easily follows that
If, in Young's inequality with parameter ε > 0
and take into account that α /α = 1/(α − 1) = α − 1, then we will get
By (3.39), from (3.37) we have
Taking into account that min 0<ε<α [((α − 1)/(α − ε))(1/ε α −1 )] = 1 which can be achieved for ε = 1, from (3.40) by means of (3.36), we find that
Now in the capacity of the test function ψ we take the function of the type
It is not difficult to see that
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